Introduction
Critical flux is a concept that appeared in the mid 1990's [1] [2] [3] [4] to describe the lowest flux for which fouling appears on a membrane. Since then, it has been generally accepted that critical flux represents the permeate flux below which no fouling occurs.
However, such a sharp transition is not often observed in practice and discrepancies between the concept and experiments are observed. Even experimental works carried out with well characterized suspensions and membranes often exemplify this discrepancy [5, 6] and this is further presented in the experimental section of this paper. To take this into account, the concept of critical flux has sometimes evolved by distinguishing a weak form of critical flux from the original strong form of critical flux [7] . The weak form of critical flux is based on the subtle difference between slow fouling conditions (inducing permeability smaller than that obtained with a clean membrane filtering pure water) and faster fouling (inducing a deviation from the initial linearity of the J vs TMP curve). The weak form of critical flux thus shows its ability to describe experiments with numerous fluids from model fluids to complex ones [7] .
However, this weak form of critical flux loses the original significance of the previous concept of critical flux and has no direct theoretical grounding.
The main thesis of this paper is to examine if Distributions (around a mean value) of
Critical Flux (where critical refers to the strong form of the concept) could be an explanation for behaviour observed during membrane fouling (and the associated weak form of critical flux) and if it could be used as a new tool to interpret filtration data.
In previous studies, the utility of accounting for the distribution of membrane or suspension properties in fouling modelling has already been shown. Yoon et al. [8] reported that when developing a full model accounting for the main transport phenomena, fouling is very sensitive to particle size: the integration of a distribution in particle size can lead to very different fouling simulations. Furthermore, Bowen et al. [9] used a probability distribution function for deposition related to hydrodynamic conditions that they link to randomly distributed protrusion height to describe membrane roughness. This distribution improved the prediction of a Wigner-Seitz cell based model accounting for multi-body inter-particle interactions. In a recent paper [10] , one of us showed that the growth of the boundary layer thickness along a membrane due to hydrodynamic layer development (a form of hydrodynamic conditions distribution) leads to a distribution in local critical flux resulting in a more realistic variation in permeate flux with TMP.
In a first part of the paper, the model for a deposit formation under a Distribution of Critical Flux (DCF) is developed and the effect of a standard deviation around a mean critical flux is investigated. Experimental data of cross flow ultrafiltration of latex suspensions for different hydrodynamic conditions are interpreted through the DCF model leading to the conclusion that experimental results could be explained by a distribution in critical flux. A comparison of critical flux parameters with experimental determination of critical flux via the pressure step method is further presented. Lastly, the possible origin for critical flux distribution and consequences of the DCF model are discussed. This paper finally gives an explanation for the discrepancy between the "hard theory" of critical flux and "real world" membrane applications.
Model for Distribution of Critical Flux (DCF)
The model is based on a normal distribution of critical flux (DCF) around a mean value (this distribution is justified in section 4.1.). On the other hand, we considered an initial flux (before any fouling), j 0 , constant along the membrane. Parameter, j 0 is the pure water flux through a clean membrane and is proportional to the applied TMP (Trans-Membrane Pressure) ; j 0 is used on the x axis of certain figures to describe the effect of altering the applied TMP. It should be noted at this point that considering a distribution of j crit with a constant j 0 in fact has the same consequence as considering one value of critical flux and a distribution of j 0 (which could be due to local heterogeneity of membrane porosity as discussed in 4.1.4).
Distribution of critical flux
A normal (or Gaussian) distribution is characterised by the probability density functionpdf(j)-, or by the cumulative distribution function -cdf(j)-as presented in Fig. 1 and defined by the following equations :
The probability density function (pdf) is the density of probability such that the probability of the critical flux of being in the interval [a, b] is given by the integral of this function between a and b. The pdf function can then give the probability of having a critical flux between two values. The cumulative distribution function (cdf) is then the probability that the critical flux, j crit , is less than or equal to a given flux value j.
Consequences on fouling conditions
Various fouling regimes can be expected when a run has been started with an initial flux, • no fouling (nf) if the critical flux is larger than the initial flux (j crit >j 0 ). The probability for such a situation to occur is p nf =1-cdf(j 0 ).
• critical fouling (cf) if the critical flux is smaller than the initial flux but larger than zero (0<j crit <j 0 ). The probability of this situation is p cf =cdf(j 0 )-cdf(0).
• unlimited fouling (uf) if the critical flux is smaller than zero (j crit <0). The probability of this situation is p uf =cdf(0). 
Consequences on the global permeate flux
The resulting global permeate flux, j, through the membrane can be estimated as the sum of the flux of each of the possible situations defined above, weighted by its probability:
Using the probability and the permeate flux as discussed in 2.2. leads to:
The expected value for the critical flux E(j crit /0<j crit <j 0 ) which represents the "mean" value of critical flux (in m/s) when the critical flux is positive and lower that the water flux, is defined as the integral of each possible value of the critical flux, j crit , multiplied by its probability, pdf(j crit ), divided by the total probability for this event :
One can demonstrate (full calculation in appendix) using the previous definition of the probability distribution that:
The permeate flux is then linked through Eqs. (4) and (6) to the value of the water flux and to the parameters of the critical flux distribution (the mean critical flux, crit j , and its standard deviation, σ) as follows :
This relationship can be used to describe the reduction in flux induced by the fouling under distributed critical conditions. Such a relationship can be easily calculated with a classical spreadsheet program, if the pdf or cdf function is predefined*. 
Graphic method to determine distribution parameters
Eq. (7), which models the permeate flux, has some particular features shown in Fig. 4 and 5. For small water flux, the limit of Eq. (7) is:
The slope of the curve "permeate flux versus water flux" tends to 1-cdf(0) which corresponds to the probability of having a non-nil flux. This can be translated into an initial cake resistance directly linked to the value of cdf(0) as follows :
Such a relationship can be used to determine the initial resistance observable in Fig. 3b from the value of cdf(0) presented in Fig. 1b .
In contrast, for greater water flux, the limit of Eq. (7) is:
This relationship shows that when the probability of having reached critical flux tends to one, the flux tends to a limiting value, j lim .
Furthermore, as can be observed in Fig. 3 and derived from Eq. (7), there is a common point for a family of curves with different critical fluxes and standard deviations, which corresponds to the coordinates [2 crit j ; crit j ] in Fig. 3a and [2 crit j ; 1] in Fig. 3b .
Also the value of the permeate flux taken for a water flux equals the mean critical flux is :
The value of the permeate flux at this point is directly related to the limiting flux and to the value of the standard deviation.
These mathematical properties of Eq. (7) This method based on the DCF model can be used to determine the mean critical flux and standard deviation from the steady state flux versus pressure plot, if limiting flux is experimentally reachable and if the initial pure water permeability has been measured.
Comparison of the DCF model to experimental results
The DCF model is here applied to describe filtration of latex suspensions. Parameters for critical flux distribution are deduced from experiment according to the procedure described in 2.4 and are further compared to experimentally obtained critical flux values.
Material and methods
Filtration experiments were run according to a procedure based on controlled alternating increasing and decreasing pressure steps with the measurements of the steady state flux respectively. Full results and details on filtration rig and protocols are detailed in [5] and [11] .
Experimental filtration results
In Fig which there is a deviation from linearity [3] could be very subjective.
In order to have an accurate critical flux measurement, each steady state flux measurement has been followed by a decrease in applied pressure in order to determine the reversibility [5] .
This procedure allows a rigorous determination of the critical flux above which irreversible fouling occurs. Table 1 summarizes the results for critical flux obtained with this pressure step method [11] . These results show an increase in critical flux with the cross-flow velocity and a decrease in critical flux when adding salt. These experiments underline the importance of surface interactions on the critical flux; the critical flux is higher when repulsive surface interactions (stability) are larger as shown in [2] . The critical flux concept which has been theoretically explained by the presence of colloidal surface interactions [2] therefore seems suited to the description of such a system.
Filtration interpretation through the DCF model
The DCF model has been applied to the experiments shown in An explanation for the large distribution in critical flux used for modelling could come, in this paper, from a distribution in the membrane permeability as presented in the photograph (Fig. 8) showing that the deposit thickness is inversely correlated to membrane skin thickness.
Variations in local permeability could then be a possible physical cause for the distribution of critical flux. However, distribution in size or charge of latex particles could also lead to a distribution in stability: the latex suspension exhibited a size distribution centred on 118 nm with a standard deviation of 20 nm when the size analysis (Zetasizer 4, Malvern Inst., UK)
was run monomodally (Gaussian distribution). More generally when using the DCF model, numerous sources of distributions can be proposed and some of them are discussed in section 4.1.
Comparison of DCF parameters and experimental critical flux
Mean critical flux (Table 2) determined with the DCF model can be compared to results obtained from the experimental determination of critical flux as presented in section 3.2 (Table 1) . A direct comparison (Fig. 9 a) ) of experimental critical flux and mean critical flux shows that the experimental critical flux is always lower than the mean critical flux. This gap could be explained by considering that the mean value of critical flux in the distribution corresponds to a probability of ½ for reaching critical flux. It could be thought that the experimental detection of critical flux occurs for a probability lower than ½ then corresponding to values of permeate flux lower than the mean value of distributed critical flux.
Bearing this in mind, one can seek a link between the experimental critical flux and the mean value, crit j , and its standard deviation, σ. A rather good agreement is found (Fig. 9b) between the experimental critical flux and the value of the mean critical flux minus half the standard deviation, 2 crit j σ − . This last value corresponds to a cumulative distribution function, Eq. (2), with a value of 0.3. This could mean that critical flux is experimentally detected when the probability of having a permeate flux larger than the critical flux (i.e. the probability of reaching critical flux) is larger than 0.3. This is illustrated in Fig. 10 where the value of the experimental critical flux (vertical line) is compared to the cumulative distribution function obtained by DCF model (Fig. 7) . Again it can be seen that the pressure stepping method detects a value which corresponds to the probability of reaching the critical flux of around 0.25 and 0.3. This means that most probably, fouling has already started over some areas of the membrane when we can detect it. This is probably due to the sensitivity of the flux measurements, which measure the average flux over the whole membrane surface, and cannot then detect minute changes in local flux, due to the first irreversible fouling: In line with this remark, the larger the membrane surface, the more difficult the true critical flux will be to determine. On the other hand, the larger the membrane area of the test equipment the more realistic the measured critical flux will be. However, as discussed later on, some of the reasons that the critical conditions are distributed around a mean value arise from hydrodynamics and from membrane geometries: these parameters, whose exact influence on the distribution is not yet clear, cannot be controlled in such a way that a lab test cell and an industrial plant give the same value for the distribution in critical condition. Hence, there is a risk of significant differences in the extent of fouling between lab tests and real life operation.
If confirmed by further experiments, distribution parameters for fouling conditions could then be linked to the effective critical flux in terms of accumulation reversibility. However, the relationship could be different for other suspensions or membrane properties.
Discussions and perspectives
Previous results underline the importance of accounting for the distribution of critical flux (DCF) to interpret filtration results even with a suspension being a priori homogeneous in properties. The ability of a mean critical flux and the relative standard deviation to interpret filtration results and the possibility to link these parameters to the experimental critical flux suggests an interesting use of this model for membrane fouling characterisation and data extrapolation. In this section, we investigate the possible origin of DCF. The link between the DCF model with other existing concepts and theories is briefly discussed.
Physical basis for Distribution of Critical Flux (DCF)
First, physical causes for the DCF are examined to discuss the theoretical meaning of the model. DCF due to tangential hydrodynamics through the development of the boundary layer has already been investigated [10] and is not included in this section.
The existence of a critical flux (which represents a critical fouling condition in cross-flow filtration) can be shown from modelling based on very different kinds of approaches:
• a mass balance with classical convective and diffusive terms to which is added a term for surface interaction between a colloid and the surface [2] • a force balance (mechanical) on a particle near the membrane surface [12] which integrates a force induced by multi-body surface interaction.
• a mass balance with a diffusive term based on an osmotic pressure for suspensions with a critical volume fraction (thermodynamic approach) [13] to describe the aggregation phenomena.
From these approaches, the critical flux can then be similarly seen as the consequence of:
• a critical volume fraction of particles (in a thermodynamic approach) resulting from a mass balance between convection and dispersive mass flux and leading to mass "condensation"
• a critical force acting on the particles (in a mechanistic approach) leading to their aggregation (repulsive interaction between particles overcome by permeation) on the membrane.
Generally, the critical condition for fouling can always be reduced to a balance between the convective drag force on the particle (link to the initial flux, j 0 ), F drag and the dispersive forces F disp. as follows :
When dealing with critical flux, one can think that a distribution of both drag force (or relative particle/solvent velocity) and dispersive force (or critical velocity) can occur near the membrane surface. The distribution of drag force can be the result of:
• a distribution in relative particle/ solvent velocity near the surface due to multi-body hydrodynamic or colloidal interactions.
• a distribution in solvent velocity (local permeate flux) along the membrane surface because of heterogeneity in pore shape or size or in membrane skin thickness.
The possible causes for distribution in these different parameters (investigated in next section)
are sketched in Fig. 11 .
Distribution in particle/fluid velocity
Particle velocity distributions caused by multi-body hydrodynamic interactions have been studied by numerical simulation [14] [15] . As an example, the fluctuation of velocity around a mean value during settling of a concentrated suspension follows a Gaussian distribution [14] .
The fluctuation can then be considered as a "diffusion-like" motion even if the causes for the distribution are purely hydrodynamic in nature. By analogy with settling (particles moving in an immobile fluid), this kind of distribution can also take place in a filtration process under the form of a distribution in relative particle/fluid velocity of (and then drag force on) a particle immobilised near a membrane surface and dragged along in the permeate flow. One can think that shear induced diffusion, colloidal interaction induced diffusion or lateral migration could lead to distributions in particle velocity in the same way. In the domain of granular flow (as for example in powder flow) where a large number of small particles are arranged in a random way, particle velocity fluctuation was defined by Savage and Jeffrey in 1981 [15] by the term "granular temperature" which quantifies the random motion of particles around the mean velocity. The intensity of distribution used later in this paper could then be linked to the concept of granular temperature and then associated to the dense phase kinetic theory used for the description of the granular flow of particles.
Distribution in permeate velocity
Distributions in solvent velocity can also be responsible for distribution in the radial drag force applied to a particle near the membrane surface. It can be the consequence of heterogeneity of the porous wall. These kinds of heterogeneity have naturally been assumed to be at the origin of a weak form of critical flux [3, 7] . As an example, 
Summary
As underlined in the previous section, accounting for distribution of critical flux seems to be physically justified. These distributions could be described from different possible physical causes due to multi-body (hydrodynamic or colloidal) interactions and heterogeneous membrane properties. Distributions can act both on the drag force and on the critical dispersive force which are the two terms of the balance describing critical flux in Eq. (12).
However, it seems mathematically equivalent to consider these distributions applied either on the first or on the second member of the force balance for critical flux :
i.e. with distributions on the drag force <f' drag > or on the dispersive force <f' disp >. The theoretical model previously developed in this paper considers distributions on the dispersive force i.e. distribution in critical flux. However, this term of distribution in critical flux accounts more generally for distributions in critical conditions (both fluctuation terms in Eq.
(13)) and thus always represents the multiple source of heterogeneity and the complexity of the system. Using a normal (or Gaussian) distribution to represent the distribution of critical flux is justified: this kind of distribution is able to describe diffusive phenomena (based on stochastic process) as well as distribution velocity induced by hydrodynamic interactions [14] .
DCF, critical flux and limiting flux
The Furthermore, within this model, the limiting flux is defined as the permeate flux for which the probability of having reached critical flux is equal to one: there is no probability to have the membrane working in sub-critical conditions (i.e. without multilayer deposit). When the initial flux of a run is above the critical flux, the final permeate flux at steady state is assumed to be equal to the critical value. The limiting flux is then linked to an integral of the critical flux distribution giving an expected value of critical flux on the membrane surface. At limiting flux, the overall membrane surface can then be considered as covered by a multilayer deposit, which increases in thickness as soon as the pressure is increased.
DFC and phase transition
The critical flux behaviour can be related to a phase transition for the matter accumulated at the membrane surface from a dispersed phase (when mass is accumulated in a concentration polarisation layer) to a condensed (solid or aggregated) phase (when deposit takes place).Critical flux is then defined as process operating conditions leading to the creation on the membrane of an irreversible deposit. From this definition, the term critical finds its physical meaning: i.e. being linked to an irreversible phase transition.
Recent studies in other fields show that phase transitions are not really critical, i.e.
with a very sharp change. Spinodal decomposition [19] which leads to an unstable phase is always preceded by a metastable phase (linked to bimodal decomposition). In polymer phase separation, experimental methods provide evidence of microphase separation caused by chemical polydispersity of the copolymers [20] . In crystallisation, results "suggest prenucleation density fluctuations, leading to a metastable phase, play an integral role in all three classes of crystallisation" [21] . The use of a distribution in critical flux could be a way to account for the existence of a metastable phase preceding the spinodal decomposition when considering the phase transition leading to the formation of a colloidal deposit on a membrane interface;
Application of DCF model to the gel theory
Formation of a gel layer could be considered as one of these phase transitions. This analogy has been underlined by a model [13] for the description of gel and deposit formation from the concentration polarisation where critical flux defines both these transitions. The DCF model developed in this paper could then describe the formation of a gel with heterogeneous properties. As a first confirmation of this assumption, the DCF model has been applied to the description of bovine serum albumin (BSA) ultrafiltration [22] . Prior to these ultrafiltration experiments, the membrane was fouled using the BSA solution, in such a way that adsorption during the UF run could be ignored. In the same way as when considering latex filtration, the curve of steady state flux versus TMP can be fully depicted (Fig. 12) by the distribution parameters with, by analogy, a mean critical flux for gel, crit J , and its standard deviation (Table 3) .
DCF and fouling complexity
Fouling is a very complex problem. Its complexity is mainly due to the fouling phenomena themselves which deal with high concentration suspensions at a membrane 
Conclusions
The 
Appendix
Full calculation of the excepted value of critical flux defined by Eq. (5) in the text is based on the following relationship. The integration of the product of the probability density function with the flux can be written in two terms as:
The first term of the preceding equation can be related to the standard deviation as follows:
Eq. (5) for excepted value can then be rewritten in Eq. (6) by using Eqs. (14) and (15) • Probability, cdf(0), for unlimited fouling (uf) and permeate flux nil.
• Probability, cdf(j 0 )-cdf(0), for fouling limited by critical flux (cf) with a permeate flux given by the expected value of critical flux in Eq.5.
• Probability, 1-cdf(j 0 ), for no fouling (nf) and a permeate flux being the water flux. Table 2 . Fluctuations in drag force due to solvent velocity because of -porosity heterogeneity [4, 6] -pre-fouling phenomena [18] Fluctuations in drag force due to relative particle/solvent velocity because of multi-body hydrodynamic interaction [16] Fluctuations in dispersiv because of distribution of membrane and particle pr 
